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for Sublaminates
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Sublaminates are often used in design optimization to reduce the complexity of the design task, to simplify
modeling, to reduce data input to analyticalmodels, and to provide con� dence in failure prediction. Sublaminates
selected for design often use � xed ratios of ply orientations that have been previously tested and are well char-
acterized. Because ratios of the ply orientations are � xed, designers approximate the properties of sublaminates
using equivalent orthotropic properties. The maximal errors in bending stiffness and buckling loads due to use
of equivalent properties are investigated. It is found that repeating half of the sublaminate on either side of the
symmetry plane results in larger errors than repeating the entire sublaminate.For the former case, errors of up to
about 20% are found even with four sublaminate repetitions, whereas for the latter case, errors were under 6%.
Predicted buckling loads exhibit the largest errors when equivalent properties are used for plates with large aspect
and load ratios.

Introduction

O PTIMIZATION of composite laminates may lead to designs
that are tailored to the speci� c loading conditions used and

that are sensitive to uncertainties in loads and material properties.
Modeling and analysis of the different failure modes, such as mi-
crocracking and fatigue failure, are also problematic. Many failure
modes have not been described fully or are dif� cult to model. For
these reasons, in practice, laminates are usually tested before they
are used in structural applications.

To reduce failure risks and design costs, industryusuallyemploys
sublaminates that have been well characterized through testing and
detailed analysis. Sublaminates are chosen with � xed ratios of var-
ious ply orientations to tailor the stiffness and strength in different
directions and to provide safety against off-designconditions.Sub-
laminatesare also used in optimizationmodels to reduce the number
of design variables.1

Because the in-plane stiffness of a laminate with � xed ratios of
ply thicknesses in different orientations is determined only by the
total thickness,designersfrequentlysimplifymodelingby replacing
the composite laminate in the model with an equivalent homoge-
nized orthotropicmaterial.2;3 Using equivalent orthotropicmaterial
properties for sublaminates can result in errors in bending stiff-
ness (D-matrix) terms. These errors are small when the number
of sublaminates is large.4 Often such errors are caught in the � nal
design veri� cation where detailed analyses using an exact stacking
sequence of the optimized designs are performed, and, therefore,
the use of equivalent properties has not been a safety risk. However,
usingequivalentpropertiesfor optimizationcan result in suboptimal
designs when the errors are large. The objective of the paper is to
investigate how large errors due to the use of equivalent properties
can be for simple but representativeproblems of plate bending and
buckling.

The paperbegins with a stiffenedpanel designexample that moti-
vated the present study. In that example, using equivalentproperties
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for the skin andstiffener laminates in sizingoptimizationled to large
errors that ranged between 20 and 40%. Next, a study of a general
laminate with repeating units of sublaminate approximates is pre-
sented. Analytical expressionsare derived for the errors in bending
stiffness and strains caused by using equivalent properties as func-
tion of sublaminate properties and number and type of sublaminate
repetitions. The analytical models are then used to identify condi-
tions that can lead to the largest errors. The maximal errors are also
calculated for multiple repetitions of the sublaminate with two dif-
ferent stacking schemes. Finally, error maximization is performed
for a 16-ply symmetric laminate under biaxial compression to iden-
tify sublaminatelayupsthat causedthemaximalbucklingloaderrors
under different aspect and loading ratios when approximatedusing
equivalent properties.

Errors in Stiffened Panel Optimization due to Use
of Equivalent Properties

Our interest in the effect of using equivalent or effective stiff-
ness of laminates arose during preliminary design optimization of
J-stiffenedpanels for a reusablelaunch vehicle liquid hydrogentank
developed by Rockwell, Inc. Equivalent properties are obtained by
equating the actual in-plane stiffness matrix terms Ai j to those ob-
tained for the in-plane stiffnessconstants for a single-layeredequiv-
alent material. The effective elastic properties for a sublaminate of
thickness h are then given as
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£¡
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12

¢¯
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¤
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12

¢¯
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¤

ºx y D A12=A22; G xy D .1=h/A66 (1)

The panel optimized was a cylindrical panel stiffened longitudi-
nally (internal J-type stringers) and circumferentially(T-type rings,
see Fig. 1) with 180-deg span, 192-in. radius, and 300-in. length.
Figure 1 shows the stiffener geometry used with some associated
terminology.The panelwas designedto resist bucklingfailureunder
an axial compression load of 1741 lb/in. with a safety factor of 1.4.
Details of the material propertiesand stackingsequenceof the panel
usedfor theanalysisanddesignare shownin Tables1 and2. The pan-
els were optimized using the PANDA2 program.5 The optimization
of the panels did not include the ring stiffeners or their spacing, but
ringswere includedin themodel to accountfor theirstiffeningeffect.

A problem was discovered when we attempted to reconcile the
differences in results obtained from two different models.6 In one
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Table 1 Stiffner sizing and laminate layups of initial panel design

Description Valuea Description Value

Skin [§653T ]s Ring spacing 31.447 in.
Stringer (str) spacing 5.0266 in.
Str bottom � ange width 1.500 in. Ring bottom � ange width 1.0 in.
Str top � ange width 0.600 in. Ring top � ange width 2.0 in.
Str height 1.500 in. Ring height 9.0 in.
Str bottom � ange [02F ]s Bottom � ange of ring [451F =04T =01F =02T ]s
Str web [01F =04T =451F =04T =451F =04T =01F ]s Web of ring [451F =02F =451F ]T
Str top � ange [01F =04T =451F =04T =451F =04T =01F ]s Ring top � ange [451F =04T =451F =02T ]s

aSubscripts T and F denote preimpregnated tape lamina and woven fabric lamina, respectively.

Table 2 Material properties of tape and fabric plies used
for panel design

Lamina type

Parameter Tape Fabric

Thickness of single ply, in. 0.005 0.0143
Elastic modulus in � ber direction E1 , Mpsi 21.5 11.6
Elastic modulus in transverse direction E2, Mpsi 1.08 10.9
Poisson ratio º12 0.3 0.06
Shear modulus G12 , Mpsi 0.6 1.12
Maximum allowable tensile stress in � ber 222.3 113.7

direction, ksi
Maximum allowable compressive stress in � ber 176.3 74.8

direction, ksi
Maximum allowable tensile stress in transverse 7.2 103.9

direction, ksi
Maximum allowable compressive stress in transverse 36.0 75.6

direction, ksi
Maximum allowable shear stress, ksi 10.9 16.32

Table 3 Optimized panel designs obtained from models using
equivalent properties and ply layup

Optimum using with Optimum using
Geometry variable exact laminate layup equivalent properties

Stiffener spacing, in. 4.557 4.823
Stiffener height, in. 1.326 2.035
Bottom � ange width, in. 1.165 1.324
Top � ange width, in. 0.5806 0.683
Panel weight, lb 1484 1665

Table 4 Buckling load factors for stiffened panel using exact
and equivalent propertiesa

Buckling load factor of panels
from analysis

Panel Using equivalent Using exact
Panel weight, lb properties properties

Initial panel design 1496 0.99 (¡20:8%) 1.25
Panel design optimized 1665 1.40 (¡41:2%) 2.38

using equivalent
properties

Panel design optimized 1484 0.93 (¡33:6%) 1.40
using exact properties

aLayups and material properties given in Table 2.

model, the stiffened panel included the laminate stacking sequence
details; in the other, segments of the stiffened panels were modeled
as orthotropic materials using equivalent properties.The two panel
models were optimized with stringer spacing, height, and � ange
widths as design variables. Table 3 presents the designs and total
weight and shows that the optimum based on effective material
properties was 11% heavier with larger stringers.

Table4 shows thecriticalbucklingloadfactorof the initialand op-
timum designsobtainedusing the two approaches.The initial design
analyzed using ply layup details was critical in torsional buckling
of the skin-stringersegment with a load factor of 1.253,whereas the
analysis with equivalent stiffness predicted a critical local buckling

Fig. 1 Stiffener geometry and associated terminology.

Fig. 2 Sublaminate with layers t1 and t2 .

mode at load factor of 0.994. Table 4 also shows the buckling loads
of both optimized designs using both analysis approaches. Opti-
mization tends to take advantages of model weaknesses, and so the
process ampli� ed the modeling errors: Errors in the buckling load
factor predictionincreasedfrom 21% for the initial design to 34 and
41% for the optimized panels.

Maximal Errors in Bending Stiffness and Strains
for a Two-Ply Symmetric Laminate

Next we sought to � nd out how large the errors due to use of
equivalent properties could get. In this section, a four-layer sym-
metric laminate is used to seek maximal errors in bending stiffness.
A symmetric laminate (Fig. 2) with layup [t1=t2]s is chosen, where
t1 and t2 are the thicknessesof layers 1 and 2, respectively.The lam-
inate is a special case of laminates [t1=t2]sn and [.t1=t2/n ]s for n D 1.
The bending stiffness of the laminate is calculated using exact and
equivalent properties, and the volume fractions and stiffness ratio
of the two plies are varied so as to � nd the maximum error.

Let . NQ i j /k be the in-planestiffnessof thekth layer, tk the thickness
of the kth layer, zk C 1 and zk the coordinates of the top and bottom
faces of the kth layer, nl the total number of layers in the laminate,
and h the total thickness of the laminate. The laminate in-plane
stiffness Ai j and bendingstiffness Di j are then expressedas follows:

Ai j D
nlX

k D 1

.Q i j /k tk (2)
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Fig. 3 Ratio of bending stiffness from equivalent and exact properties.
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It is convenient to work with normalized stiffnesses obtained by
dividingEqs. (2) and (3) by h and h3=12, respectively,to give A¤

i j and
D¤

i j . For the four-layer symmetric laminate [t1=t2]s , the normalized
in-plane stiffness is

A¤
i j D NQ i j1 v1 C NQi j 2 v2 (4)

wherev1 D 2t1=h andv2 D 2t2=h are thevolumefractionsassociated
with the two orientations. The bending stiffness calculated from
equivalent properties is
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The exact bending stiffness is
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The normalizedbendingstiffnessexpressedin terms of volume frac-
tion of the second layer is
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The ratio of the bending stiffness from equivalent properties and
exact calculation is
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where k is the ratio of an in-plane stiffness component of the two
layers:

k D NQ i j2 = NQ i j1
(9)

The ratioof bendingstiffnessfromequivalentpropertiesandexact
calculationis calculatedfor differentvalues of the in-plane stiffness
ratio (k D 10, 4, 0.25, and 0.1). A value of k D 10 is typical of the
ratio of A11 stiffness term for 0- and 90-deg plies of graphite–epoxy
composites. A value of k D 4 corresponds to the ratio of A11 stiff-
ness term for 0- and 45-deg plies. Values of k D 0:25 and 0.1 are
reciprocals of k D 4 and 10, indicating that the outer layer is the
stiffer material. Figure 3 shows the ratio of bending stiffness terms
calculatedusing Eq. (8) for values of the volume fractionv2 ranging
between 0 and 1.

Table 5 lists the maximal values of the errors arising from using
equivalentpropertiesfor a single sublaminate.The volume fractions
correspondingto the maximalerrors are also provided.The example
laminatesshown in the last columnhave volume fractionsat or close
to the maximal error value and will exhibit errors in D11 stiffness
term similar to those shown in the second column.

As expected, larger maximal errors were found for k D 10 and
0.1, which indicates that errors are large when the difference in
stiffnessof plies is large. The error is more severe when the ply with
higher stiffness is moved closer to the symmetry plane. Bending

Table 5 Maximal errors in bending stiffness of a laminate calculated
using equivalent properties

Maximal error Volume fraction Laminate layup that
Stiffness in bending v2 at maximum exhibits similar errors
ratio k stiffness, % error in D11 stiffness

10 198.0 0.3 [902=0]s
4 84.6 0.4 [§453=04]s
0.25 ¡36:0 0.7 [02=§452]s
0.1 ¡49:1 0.8 [0=904]s

Table 6 Error in bending curvatures due to using equivalent
property for graphite-epoxya

Error in bending Error in twist
curvature Kx for pure curvature Kxy for

Laminate cylindrical bending, % pure twist loading, %

[902=0]s ¡66:3 0.0
[452=02]s ¡34:9 C32:8
[02=452]s 43.6 ¡41:0
[452=02=902]s ¡8:3 50.9

a E1 D 18:5 Mpsi, E2 D 1:89 Mpsi, G12 D 0:93 Mpsi, and º D 0:3.

stiffness calculated using equivalent properties overestimates the
contribution of the layer that is closer to the plane of symmetry.
When the stiffer ply is away from the plane of symmetry (k < 1),
the opposite happens, and equivalent properties underestimate the
bending stiffness.

Large errors are encountered in calculating bending strains
when bending stiffnessesare calculatedusing equivalentproperties.
Table 6 shows the errors in curvaturescalculatedfor pure cylindrical
bending, ·x , and pure twist, ·x y , conditions for sample laminates.
For more general loading conditions, the curvatureswill depend on
several bending stiffness Di j terms that have compensating errors.
The cylindrical bending and pure twist are, therefore, examples of
possible worst-case scenarios.

The [902=0]s laminate shown in Table 5 is an example of a lam-
inate that can give 200% error in D11, that is, the approximate D11

is three times the exact one. The K x curvature is proportional to
the inverse of D11 term. Hence, the error is 66%, that is, the exact
curvature is only one-third of the value obtained using equivalent
properties.The negative sign indicates that bending stiffness calcu-
lated from equivalent properties underestimates the curvature (and,
hence, bending stresses). The second and third examples in Table 6
show that the error in a strain component in a given direction de-
pends on the position of the ply with orientation corresponding to
that strain component. The bending strain Kx is underestimated
when the 0-deg � ber is located at the center (near-symmetryplane),
whereas the twist curvatureis underestimatedwhen the 45-deg layer
is located close to the center. The bending curvature error is small
for the last example because the 0-deg ply is located farther away
from the center and the 90-deg ply that has the least stiffness in the
x direction is located at the center.

Maximal Errors in Bending Stiffness of Laminates
with Repeating Sublaminates

The largeerrorsshownin Tables5and6 areobtainedfromapprox-
imating the entire laminate with equivalent properties. In practice,
equivalent properties are used for sublaminates that are repeated
in thicker laminates. With many repeating sublaminates, the use
of equivalent material properties will lead to smaller errors. This
section investigateshow fast the errors decay as the number of sub-
laminates increases.

The designer has two choices in the arrangement of the symmet-
ric sublaminates (Fig. 4). One choice is to stack the n symmetric
sublaminateson top of one another.For example, if the sublaminate
has a layup of [90=0]s , then the laminate layup with two sublami-
nates will be ([90=0]s /2 or [90=02=90]2. An alternative choice is to
repeat the symmetric part of the sublaminate. In other words, use
n stacks of the bottom and top halves of the sublaminate on either
side of the symmetry plane of the resulting laminate. For example,
three repetitions of a sublaminate with layup of [90=0]s will result
in a laminate with layup [.90=0/3]s or [.90=0=90=0=90=0]s . In the
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Table 7 Maximal error in Dij terms for n full-sublaminate repetitions
as in [t1 /t2]sn laminate

Stiffness Volume ratio
Maximal error in Di j , %

ratio k of layer 2 v2 n D 1 n D 2 n D 3 n D 4

10.0 0.3 198.0 19.9 8.0 4.3
4.0 0.4 84.6 12.9 5.4 2.9
0.25 0.7 ¡36:0 ¡12:4 ¡5:9 ¡3:3
0.10 0.8 ¡49:1 ¡18:8 ¡9:3 ¡5:5

Fig. 4 Schemes for stacking sublaminates: full-sublaminate and half-
sublaminate repetitions.

rest of the discussion, the � rst arrangement will be referred to as a
full-sublaminate repetition, whereas the second will be referred to
as a half-sublaminate repetition. The half-sublaminate repetition is
often used because it permits more freedom to tailor thickness by
dropping or adding more half-sublaminates.1

The expressions for the ratio of bending stiffness calculated us-
ing equivalent properties D¤

i jeq
and exact method D¤

i j are derived in
the Appendix. The ratio of bending stiffness for full-sublaminate
repetition is
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are the in-planeandbendingstiffnessesof the

sublaminate. The bending stiffness ratio for laminates with half-
sublaminate repetition is
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The integral in the denominator is similar to the bending–extension
coupling term, but it is evaluated only for one-half of the sublami-
nate.

The derivedexpressionsare used to calculate the ratio of bending
stiffness from the approximate and exact approach for the [t1=t2]n

laminate for the two stacking schemes discussed. The ratios were
calculated for values of volume fraction of layer 2, v2 , from 0.0 to
1.0 in increments of 0.1.

The maximal error in the bending stiffness for laminates with
n full-sublaminate repetition is presented in Table 7. The value of
the volume fraction resulting in maximal error is independent of
the number of sublaminate repetitions, n. For n full-sublaminate
repetitions, the error reduces rapidly as the number of sublaminates
increase. The maximal error is strongly dependent on the ratio of
the in-plane stiffness of the plies.

Table 8 shows the errors in bending stiffness for laminates with n
half-sublaminaterepetitions.For n D 1, the laminateis the sameas in
Table 7 and, hence, exhibits the same maximal error.However, com-
pared to full-sublaminate repetition, the error reduces more slowly
when the number of sublaminates is increased.The maximal errors
for k D 10 are 55.7, 32.3, and 22.7%, respectively, for n D 2, 3, and
4. The error is higher because the stiffer ply is located closer to

Table 8 Maximal error in Dij terms for n half-sublaminate
repetitions as in [(t1 /t2 )n]s laminate

Stiffness Volume ratio
Maximal error in Di j , %

ratio k of layer 2 v2 n D 1 n D 2 n D 3 n D 4

10.0 0.3 198.0 55.7 32.3 22.7
4.0 0.4 84.6 31.1 19.0 13.7
0.25 0.7 ¡36:0 ¡21:0 ¡14:8 ¡11:4
0.10 0.8 ¡49:1 ¡29:8 ¡21:5 ¡16:8

the symmetry (reference) plane and thereby contributes less to the
bending stiffness.

Let us consider the example of a [90=0]s sublaminate with
two repetitions. Full-sublaminate repetition results in a laminate
with layup of [90=02=90]s , whereas the half-sublaminate repeti-
tion results in a layup of [90=0=90=0]s . The D11 stiffness of the
[90=0=90=0]s laminate is lower compared to that of [90=02=90]s

laminate because the 0-deg ply is moved closer to the symmetry
plane, which leads to larger errors when equivalent properties are
used. The volume fraction at maximal error is identical for full-
sublaminate and half-sublaminate repetitions.

Maximal Buckling Load Error
In the precedingsection,maximal errors in bendingstiffnesswere

investigated for two-ply sublaminates. This section will investigate
errors in buckling loads due to the use of equivalent properties for
laminates made from 0-, §45-, and 90-deg plies. To estimate the
maximal errors in buckling loads, laminates were optimized for
maximal error, a process known as antioptimization.7

The error in buckling load ¸c due to the use of equivalent prop-
erties was calculated for a simply supported rectangular plate in
biaxial compression. The buckling load is

¸c D
¼ 2

£
D11.m=a/4 C 2.D12 C 2D66/.m=a/2.n=b/2 C D22.n=b/4

¤
£
Nx .m=a/2 C Ny .n=b/2

¤

(12)
where Nx and Ny are the loads in the axial and transversedirections,
a and b are the dimensionsof the plate, and m and n are the number
of half-waves in the axial and transverse directions.

The percentage relative error in buckling loads due to equivalent
laminate properties is de� ned as

%error D 100

¡
¸

approx
c ¡ ¸exact

c

¢

¸exact
c

(13)

where ¸
approx
c is the buckling load factor calculatedusing equivalent

laminate properties and ¸exact
c is the buckling load factor calculated

using exact ply representation.
The antioptimizationof the laminate layups was performedusing

a genetic algorithm to maximize the absolute relative error in buck-
ling load [Eq. (13)] for 16-ply symmetric and balanced laminates.
The design variables of the genetic algorithm were ply orientations
that were restricted to §45, 0, and 90 deg. A genetic algorithmuses
operatorsthat mimic biologicalevolutionaryprocesses,such as mu-
tationandcrossover,to obtainimproveddesigns.The operatorswork
on a populationof designs, each representedby a chromosome.The
selection of the chromosome for reproduction depends on the � t-
ness value assignedto the chromosome.The � tness valuehere is the
magnitude of the error. The genes of the chromosome (which deter-
mine the characteristicsof the design) are the encoded optimization
variables. For laminate stacking sequence design, the discrete ply
orientation angles are coded using integer variables.

To ensure that all laminates obtained are balanced, the basic unit
of coding represents a stack of two plies: 02, 902 or §45. With
the two-ply stack coding, the 16-ply symmetric laminate is repre-
sented using a chromosome with four genes. The errors were ob-
tained for a laminate made of graphite–epoxy plies with properties
E1 D 18:5 Mpsi, E2 D 1:89 Mpsi, G12 D 0:93 Mpsi, and º12 D 0:3.

The stacking sequence antioptimization is performed for plates
with varyingaspect ratios (a=b) and load ratios (Ny=Nx ). The aspect
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ratio and loading ratio were varied from 1
16 to 16, with steps of

factors of 2.0 giving 81 cases in all. The maximal value of the errors
in buckling load factor and the resulting laminate for a range of
aspect ratios and load ratios are shown in Table 9, with laminates
having maximal errors given in Table 10.

For the 16-ply laminate optimized, the largest maximal error
(180%) occurs when there is a combination of high aspect ratio
and high load ratio. The smallest maximal error (22%) is obtained
for a plate with unit aspect ratio and load ratio. Of all of the pos-
sible 81 sublaminates,only a small set of 10 (codes A–E and L–P)
was found in the antioptimization, for the case of one sublaminate
through the thickness.The large errors shown in Table 9 are for the
extreme case where the laminate has a single sublaminate.

Table 9 Maximal buckling load errors (%) of a single sublaminatea

Load
Aspect ratio a=b

Nx =Ny 0.0625 0.125 0.250 0.500 1.000 2.000 4.000 8.000 16.00

0.0625 58 58 59 65 51 94 154 175 180
(N) (N) (N) (N) (A) (E) (B) (B) (B)

0.125 67 65 66 81 51 94 154 175 180
(N) (N) (N) (O) (A) (E) (B) (B) (B)

0.250 101 101 104 90 41 94 154 175 180
(M) (M) (M) (M) (A) (E) (B) (B) (B)

0.500 162 159 149 94 24 94 154 175 180
(M) (M) (M) (L) (A) (E) (B) (B) (B)

1.000 179 175 154 94 22 94 154 175 179
(O) (O) (O) (L) (N) (E) (B) (B) (B)

2.000 180 175 154 94 24 94 149 159 162
(O) (O) (O) (L) (P) (E) (D) (D) (D)

4.000 180 175 154 94 41 90 104 101 101
(O) (O) (O) (L) (P) (D) (D) (D) (D)

8.000 180 175 154 94 51 81 65 65 67
(O) (O) (O) (L) (P) (B) (C) (C) (C)

16.00 180 175 154 94 51 65 59 58 58
(O) (O) (O) (L) (P) (C) (C) (C) (C)

aCoding (A–P) refers to the stacking sequences in Table 10.

Table 10 Stacking sequence of sublaminates optimized for maximal
error in buckling load for one sublaminate in total laminate

Code Sublaminate layup Code Sublaminate layup

A [02=02=02=§45]s I [§45=902=902=902]s
B [02=02=02=902]s J [902=02=02=02]s
C [02=02=§45=§45]s K [902=02=§45=§45]s
D [02=02=§45=902]s L [902=902=02=02]s
E [02=02=902=902]s M [902=902=§45=02]s
F [02=902=§45=§45]s N [902=902=§45=§45]s
G [02=902=902=902]s O [902=902=902=02]s
H [§45=02=02=02]s P [902=902=902=§45]s

Table 11 Effect of number of sublaminates in half sublaminate repetition on error in buckling load
calculated using equivalent properties

% Error in buckling load

Case Worst-case
for multiple sublaminates

no. Nx =Ny a=b sublaminate n D 1 n D 2 n D 3 n D 4 n D 5

1 0.5 1/16 [.904=§45=02/n]s 162.1 45.85 26.09 18.20 13.90
2 0.5 0.5 [.904=04/n ]s 94.22 32.02 19.29 13.40 10.75
3 1.0 1.0 [.904=§452/n]s 21.50 9.71 6.27 4.63 3.67

Table 12 Effect of number of sublaminates in full sublaminate repetition on error in buckling load
calculated using equivalent properties

% Error in buckling load

Case Worst-case
for multiple sublaminates

no. Nx =Ny a=b sublaminate n D 1 n D 2 n D 3 n D 4 n D 5

1 0.5 1/16 [904=§45=02]sn 162.1 16.54 6.57 3.55 2.24
2 0.5 0.5 [904=04]sn 94.22 13.80 5.70 3.21 1.98
3 1.0 1.0 [904=§452]sn 21.50 4.63 2.00 1.11 0.71

A select number of cases from Table 9 were chosen for fur-
ther investigation of the effect of the number of sublaminates on
buckling load error. This is shown in Table 11 for a laminate with
half-sublaminaterepetitionand in Table 12 for full-sublaminaterep-
etition.

The errorsdecaymore slowlyforhalf-sublaminaterepetition.The
decay in errors is consistent with those observed for the bending
stiffness errors (Tables 7 and 8).

Large errors in buckling loads are observed for plates with large
aspect and load ratios (Table 9). Smaller buckling load errors
(21.5%) were found for the [904=§452]s laminate (Tables 11 and
12) obtained from antioptimizationof a plate with unit aspect ratio
and load ratio. At unit aspect ratio, the dominant term in the buck-
ling equation [Eq. (13)] is the D66 term. The maximal error occurs
when the stiffer layer .§45-deg layers) is closer to the symmetry
plane. The reduced errors at unit aspect and load ratios are also due
to the compensating errors in the different bending stiffness terms
[Eq. (13)]. For plates with high (or low) aspect and load ratios, the
buckling loads are more dependent on individual bending stiffness
terms D11 and D22. For the [904=§45=02]s laminate of Tables 11
and 12, equivalent properties underestimate the D11 stiffness term
and overestimate the D22 stiffness term, which results in large errors
in buckling loads.

Summary
We have sought conditions when using equivalent or effective

material properties for laminates can lead to large errors in bending
stiffness. The four-ply sublaminate example showed that the bend-
ing stiffnessterms calculatedusing equivalentpropertiescouldhave
largeerrors (198%). The maximal errors are a functionof the ratio of
in-plane stiffness of the plies and their respectivevolume fractions.
Large errors occur when the equivalent properties overestimate the
contributionof plies that are closer to the center or symmetry plane.
When plies with lower stiffness are moved to the center of the lam-
inate, the error is smaller, and the approximation is conservative.
Bending strains obtained from models using equivalent properties
can result in large errors.

For multiple sublaminates, the severity of the errors is reduced
when the entire sublaminate is repeated. The error decays more
slowly for laminates with half-sublaminate repetition, resulting in
large errors (22.7%) even for four repetitions of the sublaminate.

Antioptimization of laminates for maximal buckling load errors
showed that errors in using equivalentproperties could result in un-
derestimationor overestimation.Large buckling load errors (180%)
were encountered for plates with high aspect ratio and/or load ra-
tio. The high aspect ratio and loading ratio are typical of stiffened
panel segments, such as local skin portion between stiffeners or the
stiffener webs and � anges.

The error decayed rapidly as the number of sublaminates in-
creased, with maximal errors of 20 and 7%, respectively, for two
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and three full-sublaminaterepetitions.The errorsdecaymore slowly
for laminates with half-sublaminate repetitions. The compensating
errors in the differentbendingstiffnessterms result in smaller errors
in the buckling loads.

Using equivalent properties in optimization models can lead to
suboptimal designs because optimization programs are notorious
for exploiting model errors. To ensure that the errors are smaller
than 20%, the designer should avoid using equivalent properties 1)
for approximatingentire laminates,2) for laminateswith fewer than
three full-sublaminate repetitions, 3) for laminates with fewer than
� ve half-sublaminaterepetitions,4) for bending stress calculations,
and 5) for calculatingbuckling loads of plates with high aspect ratio
and load ratios.

These conclusionsare basedon examinationof errors in buckling
loads, bending stiffness, and strains of laminated composites under
simple biaxial loads for a small range of aspect and load ratios. The
reader is cautioned not to extend these to more general classes of
composite laminates (such as asymmetric laminates) or to different
loading conditions.

Appendix: Bending Stiffness of a Laminate
with Multiple Sublaminates

Analytical expressions for ratio of the bending stiffness obtained
from equivalent properties and an exact approach are derived for
symmetric laminates with n sublaminate repetitions. The expres-
sions are derived for the two different arrangements of the sub-
laminate,namely, full-sublaminaterepetitionsand half-sublaminate
repetitions.

Laminate with Full-SublaminateRepetitions
Let us considera laminatewith n symmetric sublaminatesstacked

on top of one another,as in [t1=t2]sn laminate.Let NQi j be the in-plane
stiffness of the material. The laminate in-plane stiffness Ai j and
bendingstiffness Di j obtainedfrom laminationtheoryare expressed
as

Ai j D
Z nh=2

¡nh=2

. NQ i j / dz D
n lX

k D 1

.Qi j /k tk (A1)

Di j D
Z nh=2

¡nh=2

. NQ i j / z2 dz D
nlX

k D 1

¡ NQ i j

¢
k

¡
z3

k C 1 ¡ z3
k

¢

3
(A2)

where n is the total numberof sublaminates,h is the thicknessof the
sublaminate,tk is the thicknessof the kth layer (ply), zk C 1 and zk are
the distances to the top and bottom faces of the kth layer from the
reference surface, and nl is the total number of layers (plies) in the
laminate (Fig. 3). The in-planeand bending stiffness are normalized
by the quantities nh and .nh/3=12 to give A¤

i j and D¤
i j .

If we use the equivalent material properties to calculate bending
stiffness, the normalizedequivalentbending stiffnessis given by the
expression

D¤
i jeq

D
12Di jeq

.nh/3
D A¤

i j (A3)

The exactbendingstiffnessof the laminateis givenby theexpression

Di j D
Z nh=2

¡nh=2

. NQ i j /z
2 dz D

Z ¡.n¡2/h=2

¡nh=2

. NQ i j /z
2 dz C ¢ ¢ ¢

C
Z h=2

¡h=2

. NQi j /z
2 dz C ¢ ¢ ¢ C

Z 2h=2

.n¡2/h=2

. NQ i j /z
2 dz (A4)

Rewriting the integrals for each sublaminate with the same integra-
tion limits results in

Di j D
nX

p D 1

Z ¡nh=2 C ph

¡nh=2 C .p ¡ 1/h

. NQ i j /z
2 dz

D
nX

p D 1

Z h=2

¡h=2

. NQi j /

µ
z ¡ .n C 1/

h

2
C ph

¶2

dz (A5)

Expanding and regrouping the integrals give

Di j D

Á
nX

p D 1

1

! Z h=2

¡h=2

. NQ i j /.z/2 dz

C

(
nX

p D 1

µ
.n C 1/

h

2
¡ ph

¶2
)³

h

2

´2 Z h=2

¡h=2

. NQ i j / dz

C 2

(
nX

p D 1

µ
.n C 1/

h

2
¡ ph

¶)³
h

2

´2 Z h=2

¡h=2

. NQ i j /z dz (A6)

Recognizing the integrals in Eq. (A6) as the bending, in-plane,
and bending–extension coupling stiffness terms of the sublaminate,
respectively, denoted as Di jsub , Ai jsub , and Bi jsub , we can rewrite
Eq. (A6) as

Di j D

Á
nX

p D 1

1

!
Di j sub C

(
nX

p D 1

µ
.n C 1/

h

2
¡ ph

¶2
)³

h

2

´2

Ai jsub

C 2

(
nX

p D 1

µ
.n C 1/

h

2
¡ ph

¶)³
h

2

´2

Bi j sub
(A7)

For symmetric sublaminates, Bi jsub is zero. Simplifying the summa-
tions in Eq. (A7), we obtain

Di j D nDi j sub
C [.n ¡ 1/.n/.n C 1/=3].h=2/2 Ai j sub

(A8)

Normalizing Di j in Eq. (A8) by .nh/3=12 gives

D¤
i j D .1=n2/D¤

i j sub
C [.n ¡ 1/.n C 1/=n2]A¤

i jsub
(A9)

The ratio of bendingstiffnessof laminatecalculatedusingequivalent
properties and exact approach is then given by the expression

D¤
i jeq

D¤
i j

D n2

¿µ
D¤

i j sub

A¤
i jsub

C .n ¡ 1/.n C 1/

¶
(A10)

Laminate with Half-Sublaminate Repetitions
Let us next consider a laminate with half-sublaminaterepetitions.

The laminate with half-sublaminate repetitions has the same in-
plane stiffness properties as the laminate with full-sublaminaterep-
etitions, but has different bending properties due to the difference
in the stacking sequence. Because the in-plane stiffness does not
change,theequivalentbendingstiffnessis sameasbefore[Eq. (A3)].

Let . NQi j /b and . NQ i j /t be the in-plane stiffness of the plies in the
bottom and top half of the sublaminate.The bending stiffnessof the
laminate can be expressed as

Di j D
Z nh=2

¡nh=2

. NQ i j /z
2 dz D

Z ¡.n¡1/h=2

¡nh=2

. NQ i j /bz2 dz C ¢ ¢ ¢

C
Z 0

¡h=2

. NQi j /bz2 dz C
Z h=2

0

. NQi j /t z
2 dz C ¢ ¢ ¢

C
Z nh=2

.n ¡ 1/h=2

. NQ i j /t z
2 dz (A11)

Rewriting all integralsof the bottom and top sublaminatesusing the
same limits and writing the preceding expression as a summation
series give

Di j D
nX

p D 1

Z ¡0

¡h=2

. NQ i j /b

µ
z ¡ .p ¡ 1/h

2

¶2

dz

C
nX

p D 1

Z h=2

0

. NQ i j /t

µ
z C .p ¡ 1/h

2

¶2

dz (A12)

Expanding the integrals and regrouping similar terms gives
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Di j D

Á
nX

p D 1

1

!" Z 0

¡h=2

. NQ i j /bz2 dz C
Z h=2

0

. NQ i j /t z
2 dz

#

C
³

h

2

´2
"

nX

p D 1

. p ¡ 1/2

#" Z 0

¡h=2

. NQ i j /b dz C
Z h=2

0

. NQ i j /t dz

#

¡ h

Á
nX

p D 1

.p ¡ 1/

!"Z 0

¡h=2

. NQ i j /bz dz ¡
Z h=2

0

. NQ i j /t z dz

#

(A13)

Recognizing the � rst two terms of Eq. (A13) as the bending and
in-plane stiffness of the sublaminate, we can write

Di j D nDi j sub
C

³
h

2

´2
1

6
n.n ¡ 1/.2n ¡ 1/Ai jsub

¡
h

2
n.n ¡ 1/

" Z ¡0

¡h=2

. NQ i j /bz dz ¡
Z 0

¡h=2

. NQ i j /t z dz

#

(A14)

For symmetricsublaminates,the last term in Eq. (A14)canbe further
simpli� edbecausethe two integralsare equal in magnitudebut differ
in sign. Normalizing the bending stiffness by .nh/3=12 results in

D¤
i j D 1

n2
D¤

i jsub
C 1

2

.n ¡ 1/.2n ¡ 1/

n2
A¤

i j sub

¡ 12.n ¡ 1/

n2h2

Z 0

¡h=2

. NQi j /bz dz (A15)

The ratio of the bending stiffness obtained from equivalent proper-
ties and exactmethod for laminate[.t1=t2/]s with n half-sublaminate
repetitions is

Di jeq

D¤
i j

D n2

,"
D¤

i j sub

A¤
i jsub

C 1

2
.n ¡ 1/.2n ¡ 1/

¡ 12.n ¡ 1/

h2 A¤
i jsub

Z 0

¡h=2

. NQi j /bz dz

#
(A16)

The laminate with n repetitions of the half-sublaminate requires
the evaluation of the following integral [last term in Eq. (A16)], in
addition to quantities A¤

i j sub
and D¤

i jsub
:

Z 0

¡h=2

. NQ i j /bz dz (A17)

Evaluating this integral for the two-ply sublaminate (Fig. 2) re-
sults in the expression

Z 0

¡h=2

. NQ i j /bz dz D NQi j 2

³
t 2
2

2

´
C NQ i j1

µ
.t1 C t2/2

2
¡

t 2
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¶

(A18)
Z 0

¡h=2

. NQ i j /bz dz D
h2

2
NQ i j2
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v2

2 C k
¡
1 ¡ v2

2
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(A19)

Z 0

¡h=2

. NQ i j /bz dz
¯

h2 A¤
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D 1

2

"
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2 C
¡
1 ¡ v2

2

¢
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#
(A20)
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